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Abstract 

We study limits of quasifuchsian groups for which the bending measures on 
the convex hull boundary tend to zero, giving necessary and sufficient conditions 
for the limit group to exist and be Fuchsian. As an application we complete 
the proof of a conjecture made in [22], that the closure of pleating varieties 
for quasifuchsian groups meet Fuchsian space exactly in Kerckhoff's lines of 
minima of length functions. Doubling our examples gives rise to a large class 
of cone manifolds which degenerate to hyperbolic surfaces as the cone angles 
approach 27T. 

AMS classification numbers: 30F40, 20H10, 32G15. 
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1 Introduction 

Considerable recent interest has focussed on the two components of the convex hull 
boundary of a quasifuchsian group G. The object of this paper is to study what 
happens when these components flatten out, the obvious expectation being that under 
suitable conditions a limit group should exist and be Fuchsian. 

The hyperbolic 3-manifold M. 3 /G associated to the group G is homeomorphic 
to S x (0, 1) for some topological surface S. The convex hull boundary, that is, 
the boundary of the convex hull of all closed geodesies in IRI 3 /C7, has two connected 
components each themselves homeomorphic to S. Each component is bent along 
some geodesic lamination on S, the amount of bending being measured by the bending 
measures pl^ 1 = pl ± (G). Given two measured laminations fi and v, the pleating variety 
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consists of all groups G £ QJ 7 (S) for which pl + {G) is projectively equivalent to 
\i and pl~(G) to v. 

Recall that measured laminations \i and v are said to fill up S if i(fi, £)-\-i(i>, £) > 
for any measured lamination £. It is not hard to show that V^ tU is empty unless \i and 
v fill up S. The converse is a special case of central recent result of Bonahon-Otal [2]: 

Theorem 1.1 Let S be a hyperbolic surface and let fi,u be measured geodesic lam- 
inations which fill up S. Then there is a quasifuchsian group G(fi, v) for which 
pl + (G) = fi and pl~(G) = v. If /i, v are rational, then G(n, v) is unique. 

One could well conjecture that the final uniqueness statement is true in general. Thus 
from now on we use G(fi, v) to denote any quasifuchsian group for which pl + (G) = /i 
and pl~{G) = v. We prove: 

Theorem 1.2 Let fi,i> be two measured laminations which together fill up S. Then 
as 9 —> 0, the sequence G(9fi, Qv) converges to a Fuchsian group. 

(The Bonahon-Otal result for irrational laminations involves a delicate limit process 
which however says nothing about what happens when the bending measures tend to 
zero.) 

We also identify the limit Fuchsian group precisely. Based on Thurston's earth- 
quake theorem, in [13], Kerckhoff proved the following result about length functions 
on Teichmiiller space: 

Theorem 1.3 Let S be a hyperbolic surface and let fi,v be measured geodesic lam- 
inations which fill up S . Then the length function + /„ has a unique minimum 
M(/i, v) on the Teichmiiller space ^{S). 

Our main result is the following, special cases of which we have already proved 
in [10] and [22]: 

Theorem 1.4 Let fi,v be two measured laminations which together fill up S. Then 
as 9 — >• 0, the sequence G(9fi, 9v) of Theorem 1.2 converges to M(/i, v). 

The set of minima M(/i, tv) for t £ (0, oo) is a line C^ u C J-'(S) called the Kerckhoff 
line of minima of and v. Combining the above results we obtain a complete proof 
of Conjecture 6.5 in [22]: 

Theorem 1.5 Let /i, v £ A4C be laminations which fill up S. Then the closure of 
meets T precisely in C^^. 
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Notice that to prove the conjecture we need to invoke Theorem 1.1 to construct 
the sequence G(9/a, 9v). The Bonahon-Otal theorem for rational laminations is based 
on the Kerckhoff-Hodgson theory of deformations of cone manifolds, so our proof rests 
ultimately on the same thing. In [22] we were able to avoid this in some cases by 
directly proving the existence of a sequence in V^ u approximating a point p G 
however we required that the supports of fi and v were pants decompositions and 
that a certain condition on the partial derivatives of the lengths of these pants curves 
was satisfied at p. It would be nice to have a more general direct proof. 

It is essential for the convergence in Theorem 1.2 that the bending measures pl + 
and pl~ stay in bounded proportion. For example, one might consider the case in 
which /i, v are unit measures 5 a and 5p supported on fixed geodesies a, (3 and study 
the groups G(85 a , <j)8p) with <p/9 — > 0. In the case of a once punctured torus with a 
and (3 a pair of generators, one can check by direct calculation (see Section 4) that 
if f^/^ — ^ then this sequence has no (algebraic) limit as 9 — > 0. We show that a 
similar phenomenon holds in general: 

Theorem 1.6 Let fi,v be two measured laminations which together fill up S. Then 
any sequence of groups G(9n,<pi>) with 9, <p — > diverges (that is, no subsequence has 
an algebraic limit) unless 9 / '(f) is uniformly bounded away from and oo. 

One also has to be careful if one wishes to allow v to vary. It is easy to see 
by example that it is important that the limit laminations themselves fill up S. We 
prove: 

Theorem 1.7 Let \i,v be two measured laminations which together fill up S, and 
suppose that fi n —> \i, u n — > v and 9 n — > 0. Then the sequence of groups G(9 n fi n , 9 n v n ) 
converges to M(/x, u) as n — > oo. 

If the pleating loci pi are both rational, then, after removing the pleating locus, 
one can double the convex core of the 3-manifold HP/G to obtain a cone manifold 
whose singular locus is the removed bending lines. If the bending angle along an axis 
is <j), then the corresponding cone angle is 2(tt — 0). Thus one can regard the above re- 
sults as describing a special class of degeneration of cone manifolds to two-dimensional 
hyperbolic structures as all the cone angles approach 2n in a controlled way. The- 
orems 1.5 and 1.6 give necessary and sufficient conditions for such degeneration to 
occur. 

Of the above list, the new results are Theorems 1.2, 1.4, 1.6 and 1.7. The heart 
of the paper is Sections 5 and 6, in which we establish the following variant of Theo- 
rem 1.2: 
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Proposition 1.8 Let S be a hyperbolic surface of finite type, and suppose that fj,, v G 
AiC(S) fill up S. Then the groups G(9fi,9u) lie in a relatively compact set in QT 
and any accumulation point as 9 — > is Fuchsian. Moreover for any finite set V of 
simple curves on S, there exists c > 0, such that \l 1 (p + (Gg)) — l^(p~ (Gg))\ < c9 2 for 
all 7 G T and all sufficiently small 9. 

The paper is organized as follows. After briefly summarising the background in 
Section 2, in Section 3 we show that Theorems 1.4 and 1.6 follow from Proposition 1.8. 
One easily deduces Theorem 1.2 from Proposition 1.8 and Theorem 1.4. In Section 4 
we discuss the example of the once-punctured torus referred to above. In Section 5 
we prove Proposition 1.8 for rational laminations and in Section 6 in the general 
case. Finally in Section 7 we discuss diagonal limits, showing that there is sufficient 
uniformity in the estimates needed to prove Proposition 1.8 to deduce Theorem 1.7. 

We should like to thank Vladimir Markovic and Young Eun Choi for encourage- 
ment, discussion and comments about the results in this paper. 

2 Preliminaries 

The background we need is mostly well known and explained at length elsewhere. 
Here we only give a brief summary and refer to [22] and elsewhere for more details. 

Throughout the paper we write g(9) = 0(9) to mean that g(9) < c9 for some 
fixed c > as 9 — > 0. We also write g(9) > 0(9) to mean that there exists c > such 
that g(9) > c9 as 9 -> 0. 

In general we shall be careful to specify the dependence of our constants. Symbols 
c, k and so on may denote different constants in different places but we label by a 
subscript if we need to refer back to some particular earlier choice. 

2.1 Quasifuchsian groups 

Let S be an oriented surface of negative Euler characteristic, homeomorphic to a 
closed surface with at most a finite number of points removed. A quasifuchsian group 
G is the image of a discrete faithful representation p : ^i(S) — ► PSL(2, C) such that 
the limit set of G is a topological circle. If S has punctures, we insist that the images 
of loops around boundary components are parabolic. The limit set separates the 
regular set into two simply connected G-invariant components and each quotient 
Q ± /G is homeomorphic to S. 

Two quasifuchsian groups are equivalent if the corresponding representations are 
conjugate in PSL(2,C). Quasifuchsian space QJ r (S) is the space of equivalence 
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classes. It has a holomorphic structure induced from the natural holomorphic struc- 
ture of SL(2, C). A quasifuchsian group is Fuchsian if the limit set is a round circle. 
Fuchsian space T = J-'(S) is the subset of QJ 7 (S) corresponding to Fuchsian groups. 

As proved by Kerckhoff [12] p. 24, the induced real analytic structure on T is 
determined by the lengths of a finite number of geodesies in tti(S). These curves can 
always taken to be simple. The arguments extend to show the same is true for the 
complex analytic structure on QJ 7 (S), if we replace length by complex length X(g) 
given by the formula Tr p(g) = 2 coshA(g)/2 for g G ti~i(S). 

For further details on these definitions, good references are [16, 19]. 

2.2 Geodesic laminations. 

Let S be a surface as above. Given a hyperbolic structure on S, a geodesic lamination 
on S is a closed union of pairwise disjoint simple complete geodesies called its leaves. 
A measured geodesic lamination \i consists of a geodesic lamination, together with a 
transverse invariant measure on the leaves. We denote the underlying lamination by 
For reasons which will be clear in the next section, we only consider laminations 
with no leaves which end in a puncture. 

We denote the set of such measured laminations by A4C(S). This space is topol- 
ogised with the topology of weak convergence: fi n — > /i if fi n (T) — > n(T) for any 
transversal T. It is well known that AiC(S) is independent of the hyperbolic struc- 
ture on S. For ji G the length (relative to a given hyperbolic structure on 
S) is the total mass of the measure which is the product of hyperbolic distance along 
the leaves of \n\ with the transverse measure \i. 

We call a measured geodesic lamination \x rational if its support consists en- 
tirely of closed leaves, and irrational otherwise. (Note this is quite a different meaning 
from the term 'arational' used for example in [19].) Let S = S(S) denote the set of all 
homotopy classes of simple closed non-boundary parallel curves on S. If a,{ are a set 
of disjoint curves in S, then by Y2i a i a ii a i £ we mean the measured lamination 
with support UjOi which gives mass a, to each intersection with oij. Note that the 
maximum number of curves cc, in such a sum is 3g — 3 + b, where g is the genus 
of S and b is the number of punctures. We denote the set of all rational measured 
laminations by M.Cq(S); the set M.Lq is dense in M.L. 

The length of the rational lamination Yli a i a i ^ s j us ^ 'Yli a ^a i i where l ai is the 
hyperbolic length of the geodesic aj. Kerckhoff [11, 12] has shown that if \x n G M-Cq 
converges to \x in AiC, then Z /Ltn converges to uniformly on compact subsets of J 7 , 
and hence is a real analytic function on T . In a similar way, the geometric intersection 
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number i(a, a') of two closed geodesies a, a' extends by linearity and continuity to a 
continuous function i(fi, v) on AiC, see for example [11, 19]. 

Laminations \i,v £ M.L are said to fill up S if i{fi, 77) + z(z/, 77) > for all 77 £ A^£. 
An equivalent condition is that every component of if? — U \u\ contains at most 
one puncture, whose closure, after filling in the puncture if needed, is compact and 
simply connected. 

There is an obvious action of 1R + on AiC given by scalar multiplication // — > t/j, for 
any t > 0. A projective measured lamination is an equivalence class under this action. 
We write [/i] for the projective class of [i and denote the set of all non-zero projective 
measured laminations by PAiC. Thurston showed that PAi C(S) can be viewed as 
the boundary of ^(S): a sequence of structures p n £ T converges to £ £ PM.C if the 
lengths {l 1 {p n )}'y£S converge projectively to the intersection numbers {2(7, £)}ts5- ft 
is not hard to deduce that if the laminations /i, v fill up S 1 and if p n £ JF diverges, 
then at least one of l^{p n ) °r l u (Pn) tends to 00. 

For more details on this material see for example [3] or [19]. 

2.3 The convex hull boundary and bending measures. 

For any Kleinian group G, let C = C(G) be the hyperbolic convex hull of the limit 
set of G in hyperbolic 3-space H 3 . If G is quasifuchsian then dC has exactly two 
components dC^ 1 which "face" the components of f2. The quotients dC^ /G are 
homeomorphic to Q^/G and hence to S. (In the special case in which G is Fuchsian, 
C is contained in a single flat plane. We regard this as a degenerate case in which dC 
is two sided, each side facing one component of Q(G).) 

The structure of dC is studied in detail in [6]. Note that by convexity, dC must 
be embedded in H 3 . The ambient hyperbolic metric induces a metric on dC which 
endows each component with its own hyperbolic metric; for a quasifuchsian group 
G we shall denote the corresponding hyperbolic structures in F(S) by p ± (G). Each 
component of dC is the closure of a set of infinite sided ideal polygons, each contained 
in a hyperbolic plane in HI 3 . These polygons, called the flat pieces of dC, are geodesic 
not only in H 3 but also in the induced metrics on dC ± (G). (For a nice picture of 
this, see www.math.suny.edu/~minsky, reproduced as Figure 12.6 in [18].) In each 
component of dC/G, the closure of the complement of the flat pieces is a geodesic 
lamination on S, called the bending lamination, which carries a transverse measure, 
the bending measure, denoted pl ± {G). 

We note that no leaves of the bending lamination can limit on cusps of S. For 
consider a horocycle of length e round the cusp. The lift of the horocycle to H 3 bends 
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by a definite amount 5 (fixed and independent of e) in every interval of length e. By 
making e sufficiently small, a comparison with the Euclidean situtation shows that it 
is impossible for dC to be embedded. This explains our assumption that laminations 
in M.C contain no leaves which end in a puncture. 

Each cusp on a hyperbolic surface is surrounded by a fixed area horocycle into 
which no simple geodesic which does not end in the cusp penetrates. If So is a 
hyperbolic structure on the surface S, let Sq denote the surface So minus these 
fixed area horocyclic neighbourhoods of the punctures. The non-cuspidal injectivity 
radius inj^S^) of S is the radius of the largest embedded disc on Sq. By the above 
observation, a lower bound on inj(So ) is equivalent to a lower bound on the lengths 
of all simple curves on Sq. 

For a curve 7 G Ki(S) we always use 7* and ^ to denote the geodesic 7 in M 3 /G 
and its geodesic representatives on d^/G respectively, and we denote by Z 7 » and Z 7 ± 
the corresponding geodesic lengths. Thus Z 7 » < / 7 ± and Z 7 * = Z 7 + if 7 is contained in 
the support of pl + . Notice that if /i G M.C and pl + {G) = 9[i, then the total bending 
measure along 7+ is i(j,/i)9. 

We shall need the main result of [8]: 

Proposition 2.1 The maps QT — > J 7 , q 1— > p ± (q) and QJF — > AiC, q t— > pl^iq) are 
continuous, where by definition pl ± {q) =0 if q G J 2 ' . 

We remark that the results of [8] are stated for holomorphic families depending on 
one complex variable only, however the theory of holomorphic motions extends to 
several variables [17] and identical methods apply. 

The following straightforward result is [22] Proposition 3.2, see also [2]. 

Proposition 2.2 Let G be quasifuchsian, G G QJ r {S). Then the bending measures 
p/ ± (G) fill up S. 

We remark that the proof in [22] is not quite complete in the case in which pl^ are 
irrational, because we omitted the possiblity that a complementary region of the union 
of the two laminations is simply connected or a once punctured disk but non-compact. 
However in this case one obtains a semi-infinite geodesic a in the complement of both 
Ip^l- The accumulation points of a form a geodesic lamination contained in both 
dC + and dC~ . Following the same idea as in [22], this is easily seen to be impossible. 
For more details, see [13] Lemma 4.4. 
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Rational bending laminations. The structure of a component of dC is particu- 
larly simple when its bending measure is rational, say pl + = 6a,iCXi for some 9 > 0. 
In this case dC + consists of pieces of hyperbolic planes which meet exactly along the 
lifts of axes of the curves c^, in such a way that the exterior angle of intersection (i.e. 
the angle outside C) along an axis which projects to oti is Qai. Since dC is convex, all 
the angles 9di have the same sign. They are measured so that 6 = exactly when 
the oriented planes containing the adjacent flat pieces coincide. In particular, G is 
Fuchsian if and only if pl + = (so that pl~ = follows automatically). 

We remark that if the bending lamination is rational, then each flat piece of dC 
faces a disk in the regular set which contains a Cantor set of limit points in its 
boundary. Such 'ghost circles' are a highly visible feature of many limit set pictures, 
see for example [18]. 

2.4 Earthquakes and Quakebends. 

The time t left earthquake along a lamination \x G M.L is a real analytic map S^it) : 
T — > T which generalises the classical Fenchel-Nielsen twist. Let T be a transversal to 
\n\ with endpoints in distinct complementary components of the The earthquake 
shifts the component on the right a distance tfi(T) relative to the one on the left, 
inducing a new hyperbolic metric S^(t)(p) on an initial hyperbolic structure p G T '. In 
particular, if fi = Yli a i a ii then for each i, the earthquake £^{t) twists by hyperbolic 
distance taiaj around the closed geodesic c^. 

The map (p,t) i— > £^{t){p) is a flow on T which induces a tangent vector field 
In [11], Kerckhoff showed that if v G M.C, then the length l v is a real analytic 
function of t along the flow, strictly convex if i(p,,v) > and constant otherwise. 
Wolpert [25] proved the famous antisymmetry relations dl v /dt^ = —dl^/dt u . 

Complexifying the parameters corresponds to passing from Fuchsian to quasifuch- 
sian groups. In this context the earthquake S^it) has a natural extension to a left 
quakebend S^r), r G C. We shall only need the construction relative to a hyperbolic 
structure po corresponding to an initial Fuchsian group Go, in which form it is ex- 
plained in detail in [6]. In addition to shifting complementary components of on 
Po through a relative distance 3?r/x(T) as above, the map £ m (t) bends the righthand 
component through the angle ^st/j,(T) relative to the left one. This deforms the group 
G , given by a representation p : ni(S) — > PSL(2,M), into a group £ ti (r)(Go) given 
by a representation p(r) : TTi(S) — > PSL(2,C). A quakebend with purely imaginary 
parameter r G iR is called a pure bend. 

The following result is [9] Theorem 8.8. In [9] it is explained in the context of a 
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punctured torus but the proof clearly extends to a general surface. 

Proposition 2.3 Let Gq G T and r 6 C. Then provided |Qt| is sufficiently small, 
£fj,( r )(Go) is quasifuchsian. If £ f j i (r)(Go) is quasifuchsian, then p + {£ ll {r){Go)) = 
p+(G ) andpl+{£,{T){G )) = 

By Lemma 3.8.1 of [6], the groups G Tfl depends holomorphically on r. One can 
therefore define the complex derivatives dl v /dr^ complex versions of the antisymme- 
try formulas have been proved by Kourouniotis [14]. 



3 Identification of the limit 

In this section we show that that Theorems 1.4 and 1.6 follow from Proposition 1.8. 
The proof is based on Kerckhoff's result which we stated as Theorem 1.3. In fact he 
proved a rather stronger statement: if fi and v fill up S, then + l u has a unique 
critical point on T. 

As usual, let G{9) = G(8fi, Qv) denote a quasifuchsian group for which pl + = Q\i 
and pl~ = 6u, and let p ± (0) denote the Fuchsian structures on dC /G{6). 

Proposition 3.1 Let fi,u be two measured laminations which together fill up S. 
Suppose that as 6 n — > 0, the groups G(9 n p,, 6 n u) converge to p e T and in addi- 
tion that for any finite set T C S, there exists c > 0, depending on T, such that 
\l 1 (p + (8)— lj(p~(9)\ < c8 2 forall'-f G T and all sufficiently small 9 . Thenp = M(/j,,u). 

(We remark that the bound \l 1 {p + {6) — / 7 (p~(6 l )| < c6 would be sufficient but our 
work leads naturally to 2 .) 

Proof. By the above noted extension to Theorem 1.3, it is sufficient to show that p 
is a critical point of the length function Z M + l v on T . Since by [13] Theorem 3.5 the 
tangent vectors J^-, £ G M.C span the tangent space T p (jF) to JF at p, it is enough to 
show that 

and hence, by the antisymmetry of the derivatives, that 

_i W + _i (p) .ov ee ^. 



The proof of [12] Lemma 2.4 shows that is a real analytic function on ^(S). By 
a straightforward extension of the arguments, see also [10] Theorem 6.3, one sees that 
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k extends to a complex analytic function on QT . As noted above, for fixed po G T 
and fi G A4C, the group £ m (t)(j>o) obtained by quakebending by r along \i depends 
holomorphically on r; in particular k(£p( T )(Po)) is an analytic function of r. 

Now a quasifuchsian group is completely determined by the Fuchsian structure p + 
on 8C + and the bending measure pl + . This leads to the key observation that we can 
reach G(9[i, 9u) either by starting at p + {9) and making the pure bend £^{19) through 
the angle 9 along /x, or by starting at p~{9) making a pure bend through —9 along v. 
The idea is to use this to make Taylor series expansions of the length of an arbitrary 
geodesic in G(0/a, 9v) in two ways and compare the results. 

Write q{9) for G(9/i, 9v) and let a + : [0, 1] — > QT be the pure bend path between 
p + {9) = cr + (0) and q{9) = cr + (l), so that a + {t) = £^(it9) is the quasifuchsian group 
obtained by bending p + (9) through the angle t9 along \i. Expanding from p + (9) we 
obtain: 

(9/ f) 2 ] 

km) = h(p + m + M^-y m - e2 ^( r+ ( e )) w 

where r + (9) G <j + . With a similar definition of cr~, expanding from p~(9) we get: 

km) = k(p-m - ie ^-y( e )) - d2 w {r ' m (2) 

where r~(9) G cr _ . 

Now by Proposition 2.1, \im n ^ oc p ± (9 n ) = p, so the points r ± (^ n ) lie in some 
compact neighbourhood of p in QT. It follows that the second derivatives in the 
above expressions are uniformly bounded as n — > 00. Equating imaginary parts we 
find 

di (p+{6n)) + df u {p ~ {6n)) = 0{6n) (3) 

with constants depending on £. 

Now choose the set T to be a finite set of curves which determine the analytic 
structure on T . Since k is rea l analytic on J 7 , our hypothesis gives 

81 81 
81 81 

dt {p+{9n)) + y~y {9n)) = o{9n) - (5) 

Using Proposition 2.1 again, we make the required conclusion by taking limits as 
n —> 00. □ 



It follows that 
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Proof of Theorem 1.4. This follows immediately from Proposition 3.1 and Propo- 
sition 1.8 (to be proved in Sections 5 and 6). 

Remark 3.2 Theorem 5.1 in [22] is effectively the special case of Proposition 3.1 in 
which fi and v are both rational laminations whose supports are pants decompositions 
of S. However the proof in [22] fails completely in the irrational case. Notice also 
that the above proof rests heavily on the assumption that the limit group p exists; 
even if p ± (6) remain close the error terms |^-(r + (#)), ^^-(r~(9)) might well become 
unbounded ii p ± (8) — > dT . (Wolpert's formula [25] for the second derivatives shows 
that these terms contain a factor 1//^.) 

Theorem 1.6 is proved by a similar method. This time we only need Proposition 5.1 
from Sections 5 and 6. 

Proof of Theorem 1.6. Suppose as usual that /i, v e M.C fill up S, and suppose 
that we have a sequence of groups G n = G(8 n fi, <fi n v) with 6 n , <p n — > for which 
^n/0n. - > 0. We have to show that the sequence G n diverges. If not, then (by passing 
to a subsequence if necessary) we may suppose that G n has an algebraic limit Goo. 

We claim that Goo is Fuchsian. To see this, write pln,plto f° r ^ e bending measures 
of G n , G^ respectively. By Proposition 2.1, pl^ — > pl^. Since our hypothesis implies 
that pl^ — * 0, we deduce that pl^ = 0. Thus each of dC ± {G o) is contained in a 
single hyperbolic plane, from which it follows that the regular set of Goo contains at 
least two circular invariant domains. By Accola's theorem a group with at least two 
simply connected invariant domains is quasifuchsian; if these domains are circular it 
must be Fuchsian. 

Write PniPto f° r the Fuchsian structures on dC ± (G n )/G n ,dC ± (G 00 )/G o respec- 
tively. Following exactly the method used to arrive at equation (3) in Proposition 3.1, 
we find 

0n£(pt)+^fa)=O(% + <lft. (6) 

As before, let T be a finite set of curves which determine the analytic structure 
on T . In a compact neighbourhood of Goo, the non-cuspidal injectivity radii of the 
structures p^ are uniformly bounded below and the lengths of the curves in T are 
uniformly bounded above. Thus Proposition 5.1 gives that |/ 7 *(G n ) — / 7 +(G„)| < 
0(6^) and \l 7 *(G n ) — L r (G n )\ < 0(<^). (Here as elsewhere, Z 7 * and Z 7 ± denote 
respectively the lengths of the geodesic 7 in M. 3 /G, and of its geodesic representatives 
on p ± .) Hence, noting that l-y(Pn) = ij+(G n ), we have |Z 7 (p+) — / 7 (p~)| < 0(9% + cj) 2 n ) 
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for all 7 G r. Combining this with the fact that 1% is a real analytic function on J 7 , it 
follows that for any £ G MC, 

Together with (6) this gives 

°n^-y n ) + ^y n ) = o(9i + <pd. (8) 

Dividing through by <p n and taking limits we deduce (again using Proposition 2.1) 
that 

Since this holds for all £ G .M£ we deduce that l v has a critical point at p^ G 
which (since not all derivatives along all possible earthquake paths S^(t) can vanish, 
see e.g. [13] p. 194) is impossible. □ 



4 A special example 

Before proceeding to the proof of Proposition 1.8, we pause to examine one of the few 
examples in which one can write down exact formulae for the relationship between 
bending angles and lengths and hence explore the limit behaviour explicitly. 1 Namely, 
take S to be a once-punctured torus and let a, (3 G iri(S) intersect exactly once. 
Thus ni(S) is the free group generated by a and j3 and the commutator a{5a~ x {5~ x 
represents a loop around the puncture. We shall study the case in which pl + G [a] 
and pl~ G [/?], in other words, the surfaces dC^ 1 are bent along axes which project to 
a and (3 respectively. Although this situation appears to be very special, quite similar 
geometry appears in the general case. 

By [7] Lemma 4.6, if a geodesic 7 is contained in the bending lamination then its 
image in PSL(2, C) has real trace. As shown in [20], this gives the equations 

cos#q,/2 = cosh/g*/2 tanh/ a */2, cos 6^/2 = cosh/ a ./2 tanh/g./2 (9) 

relating the bending angles 9 a , 9$ to the lengths l a *, l@* of the geodesic representatives 
a* and f3* of a, f3 in H 3 /G. Moreover suitably chosen lifts Ax A, Ax B of a* and f3* 
are mutually perpendicular at distance d, where 

coshrf sinh/ Q */2 sinh/g*/2 = 1. (10) 
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Figure 1: Configuration of bending axes on the once punctured torus. 



(Here A,B e G are translation by l a *, lp* along the respective axes.) 

Since pl + G [a], the axis Ax A lies on dC + . Let (3 + be the lift of /3 + whose endpoints 
on <9H 3 are the same as those of Ax B, and let P = Ax A n (3 + . Let Q be the foot 
of the perpendicular from P to j3*, see Figure 1. Since -B is purely hyperbolic, the 
quadrilateral Q with vertices P, Q and B(P), B(Q) is planar. Note that |-PQ| = d, 
and that since n is orthogonal to Ax A, the line PB(P) makes an angle (ir — a )/2 
with PQ. By applying the quadrilateral formulae (see [1] Theorem 7.17.1) to Q we 
obtain: 

sinhrf = coth/ ( g*/2 tan# a /2, coshrf sinhZg*/2 = sinh/ / g+/2. (11) 

Lemma 4.1 Suppose that a,b > are fixed and that d = d(9) is the distance between 
Ax A and Ax B in the group G(a0,b9). Then d < 0(9) as 9 — > 0. 

Proof. Our hypothesis means that 9 a = a9 and 9p = bO. Suppose first that there 
is some subsequence along which lp+ > c > 0. If in addition lp* > d > 0, then 
equation (11) gives d < 0(9). 

Otherwise, passing to a further subsequence, we may assume that lp* — > 0. 
From (11) we have 

tan# a /2 sinh/ /3 ./2 

tanha = — — — — — , 

tanhi^»/2 smhlp+/2 

from which, since lp+ is bounded away from 0, it follows that d < 0(9). 

By interchanging the roles of a and j3, we conclude that either both lp+ — > and 
l a - — > 0; or d < 0(9) as 9 — > 0. Suppose that the first alternative applies. Then 
certainly also l a * — > 0. However l a * and lp+ are the geodesic lengths of a and (3 on 
the Fuchsian structure dC + /G, and by the collar lemma this situation is impossible. 
□ 

Corollary 4.2 Let S be a once punctured torus with generators a, (3, and suppose 
that n = a5 a ,u = b5p. Then the group G(9n,9u) converges to a Fuchsian group as 
9^0. Moreover the hypotheses of Theorem 1.4 hold, so that the limit is the minimum 
on T of the function al a + Up. 

1 For some other examples in which explicit caluations can be made, see [4]. 
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Proof. From the lemma we have that d < 0(9) as 9 — > 0. We deduce from (11) and 
its analogue with a and (3 interchanged that both l a * and lp* are bounded away from 
0, and then from (10) that they are both bounded above. This is sufficient to ensure 
(up to a subsequence) the existence of the algebraic limit of G(9/i, 9v). (One way to 
see this is to use the Markov equation which relates Tr AB to TrA and Tr£?.) One 
also sees that l a */l a + - > 1 and similarly for /?. Moreover not only the axes l a * and 
1/3*, but also l a * and lp+, and l a - and lp* are orthogonal. This is enough to ensure 
that the limit of each of the two Fuchsian structures dC^ /G also exists and equals 
the limit of G(9/j,, 9v). The remaining details are left to the reader. □ 

In the above discussion we made crucial use of the fact that 9 a /9p is bounded 
away from and oo (in fact constant) as 9 — > 0. Without this hypothesis, the result 
fails. In fact rearranging equation (9) one obtains 

sinh£ a */2 = sin 9p/2 cot 9 a /2, sinh^/2 = sm9 a /2 cot 00/2. (12) 

If only one of 9 a and 9p converges to then one of l a * and lp* diverges to oo. If both 
6 a and 9p converge to then sinhZo,. ~ 9 a /9p and sinh/g. ~ 9p/9 a . If the ratio is 
unbounded either above or below, again at least one of l a * and lp* diverges to oo. 
Note, however, that in this case l/coshrf = sinhZ Q ,.sinhZ /3 » — > 1 so we still get that 
d^O. 

5 The main limit theorem 

In this section we establish Proposition 1.8 in the case in which \i and v are rational. 
The idea of the proof is as follows. First, in Proposition 5.1, we establish an upper 
bound d < 0(9) for the distance between any point on the lift of a closed geodesic 
to dC^ 1 and the corresponding axis in H 3 , under the hypothesis that the length of 
the corresponding curve on dC^/G is bounded below. Our estimate also controls the 
ratio of the lengths on dC^/G and in M 3 /G. Then in Proposition 5.7 we prove a 
lower bound d > 0(9) for the distance between any point on a bending line and the 
opposite side of dC. In Proposition 5.9 we play off these two bounds against each 
other to deduce an upper bound on the lengths of all bending lines. This is sufficient 
to establish the existence of the limit. Another use of Proposition 5.1 also establishes 
the necessary estimate on the variation of length of curves in T. 

Proposition 5.1 Fix L > 0. Let fi G AiC be fixed and suppose that G G QJ-(S) is 
such that pl + (G) = 9fi. For any 7 G iri(S), let 7 + ; 7* be lifts of^ + , 7* to H 3 with the 
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same endpoints on dM 3 . Suppose that Z 7 + > L. Then there is a universal constant 
8q, and a constant cq = Cq{L), such that for all 9 < 9q and any P £ 7 + ; 

d{P,T) < coi{j,v)0 and l r > (1 - c (z( 7 , p)9f)l 1+ . 

In this section we prove this result on the assumption that \i is rational. The 
extension to the general case is not hard and is done at the beginning of Section 6. 

Remark 5.2 1. This result certainly has applications beyond the present one. It 
will be noted in the proof that the Kleinian group G can be quite general and 
that all that is needed is that 7 + lie on a pleated surface with bending angle 
0(9); convexity is also not required. 

2. It is crucial in our statement that the constants Cq(L) and 9 do not depend on 
the hyperbolic structure of dC + . If /i is multiplied by a scalar t > 0, then the 
term 2(7, /i) scales accordingly. 

3. The result fails without the hypothesis of a lower bound on Z 7 +. In this sitation, 
the distance between Z 7 + and Z 7 * may become infinite with no control on the 
ratio Z 7 + /7 7 *. This can be seen by letting 9 a — > and dp — > 7r/2 in equation (12) 
in Section 4 and then examining (11). 

4. The following variant has been proved independently by Lecuire [15] (without 
the estimate of the distance between / 7 + and / 7 *): 

Suppose e < 7r/12 and /i) < e. Then Z 7 + < (1 + tane)(/ 7 . + 6e). 

Figure 2: Configuration for Proposition 5.1. 



Let 7 G Tri(S') have lifts 7 + , 7* as in the statement of the proposition. Pick P £ 7 + 
and let 7 denote the piecewise geodesic arc in H 3 joining the points 7 n (P), n £ Z, see 
Figure 2. (By abuse of notation we are also using 7 to denote the element of G in 
the conjugacy class of 7 which fixes the axis 7*.) The idea is to estimate the distance 
between 7 + and 7, and then between 7 and 7*, at the same time comparing their 
lengths. To do this we use two lemmas about piecewise geodesic arcs in H 3 based on 
a nice idea in [3] Theorem 4.2.12. First, a simple result about hyperbolic triangles. 

Lemma 5.3 Let ABC be a hyperbolic trangle with exterior angle <fi at C . If h = 
d{C, AB) then tanh/i < sin0. 
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Proof. Let X be the foot of the perpendicular from C to AB. Since both of the 
angles ACX and BCX are less than tt/2, the line through C and perpendicular to 
CX is outside the triangle ABC and hence makes an angle ip < <fi with CB. 

Let E be the point at which the extension of CB meets dM 2 , and let Z be the foot 
of the perpendicular from E to the extension of CX. The extension A of AB divides 
H 2 into two half planes; since EZ cannot cut A, it must lie on the side not containing 
C so that \CZ\ > \CX\. By the angle of parallellism formula, tanh|CZ| = sinip. The 
result follows. □ 

Now for the estimates based on [3]. 2 The following notation is convenient. Let 
a be any piecewise geodesic arc in H 3 with endpoints X and X' . For P G a, let 
v(P) = v(P, a) be the (positive) angle at P between the forward vector along a at P 
and the forward vector along the line extending XP pointing away from X. Likewise 
let w(P) = w(P, a) be the angle at P between the backwards vector along a at P 
and the forward vector along the line extending X'P pointing away from X'. The 
configuration is shown in Figure 3. 

Figure 3: Configuration for Lemma 5.4. 



Lemma 5.4 Let a be any 'piecewise geodesic arc in H 3 with endpoints X and X' , and 
let a be the H 3 geodesic joining X to X' . Suppose that for all P G a, both the angles 
v(P, a), w(P, a) are bounded above by <ft. Then 1$ > (cos and tanh<i(P, a) < sin 2<p 
for all P G a, where l a and are the lengths of a and a respectively. 

Proof. Suppose the arc a has successive bends at points X = X , X x , X 2 , . . . , X k = 
X'. Let us compare the geodesic distance x = \XP\ with the distance t = 
YTi=o \XiXi + i \ + \X r P\ measured along the broken arc a. Obviously, x is a piecewise 
C 1 function of x, only failing to be different iable at the bends Xj. It is not hard to 
check that on each open arc, % = cosw(P, a). Thus the first part of the result follows 
by integrating (using the obvious continuity of x as P moves through each point X,j). 

For the second part, our hypothesis implies that the exterior angle at P of the 
triangle PXX' is at most 2(f). An application of Lemma 5.3 gives the result. □ 

2 We note that the last sentence in the statement of [3] Theorem 4.2.12 is incorrect. The proof 
however is correct and our version here indicates one way of proving what was clearly intended. 
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Lemma 5.5 Fix L, k > 0. Suppose a is a piecewise geodesic arc in H 3 for which 
each segment has length at least L and the angle at each bend is in absolute value at 
most k9. Then there exist 9i > 0, and c\ = C\(L) depending only on L, such that for 
any P G a, and all 9 < 9 1; the angles v(P, a) and w(P, a) are at most C\k9. 

Proof. This can be deduced as in [3] Theorem 4.2.12; for convenience we give slightly 
different version here. We work with v(P); the argument for w(P) is the same. As 
before, suppose a meets successive bending lines in points X = X , X±, X 2 , . . . , Xk = 
X'. Let P be a point on the open segment X r X r+ i, so that v(P) = v(P,a) is the 
(positive) angle from the oriented line X r X r+ i and the extension of XP through P, 
oriented away from X. Clearly v(P) decreases as P moves along the arc from X r to 
X r+ i. Let u(X r+ t) denote the angle at X r+ i between the forward vector along the 
extension of X r X r+ \ and XX r+ ±, so that v(X r+ i) is the sum (or difference if the bend 
is negative) of u(X r+ i) and the bending angle at X r+1 . Writing t = d(X r ,P) and 
v = v(P), then as shown in in [3], dv/dt = — smv /tanh|XP|. Hence we can estimate 
the decrease in v along X r X r+ x by 

r Xr dv 

v(X r ) - u(X r+1 ) = - — dt > Lsmu(X r+1 ) > Lu(X r+l )/2 

JXr+i dt 

provided the initial angle v(X r ) is chosen less than some fixed 9\ for which sin#! > 
6*i /2 say. Thus 

u{X r+l ) < 2v(X r )/(2 + L) 
and so, by our hypothesis on the bending angles, 

v(X r+1 ) < 2v(X r )/(2 + L) + k9. 

Choose C\{U) = (2+L)/L. Suppose inductively that the angle v(P) is at most C\k9 
for any point P in the closed subsegment of a between X and X r . This is certainly 
true for r = since on the first segment v(P) = 0. By hypothesis v(X r ) < k9 so as 
above, v(X r+1 ) < 2c\k9 / (2 + L) + k9 < C\k9 by our choice of c\. The result follows. 
□ 

Proof of Proposition 5.1. Assume that fi is rational. As illustrated in Figure 2, 
pick a point P G 7 + and denote one full translation length of 7 + along dC + from P 
to 7(-P) by a + . (Here 7 denotes the particular choice of element in the conjugacy 
class of 7 which fixes 7 + .) We first compare cr + to the H 3 geodesic a joining P to 
7(P). Since a + is geodesic on dC + , the angle between successive geodesic segments of 
a + is bounded above by the bending angle on dC + (see for example [9] Lemma 6.2). 



17 



Let Q be a point on one such segment X r X r+ \. By Gauss-Bonnet the angle between 
PQ and X r X r+ i is bounded above by #2(7, as is the angle between •y(P)Q and 
X r X r+1 . By Lemma 5.4, 

la > (1- 2(z(/i, 7 )#) 2 )/ (T+ and d(Q,a) < 2i(ji,j)9, 

where is the length of <j, that is, the distance in H 3 between P and 7 (P). 

Now let % denote the piecewise geodesic arc U™ri n 7 r ((j), so that 7„ joins the 
points 7 T '(P), 7 r+1 (P), for r = — n, . . . , n — 1. Applying Lemma 5.5 to 7n , we see that 
there exists c\ > 0, depending only on L, such that for any Q e 7n , and all sufficiently 
small 8, the angles between r y~ n (P)Q and 7n , and between Q~f n (P) and 7n , are at 
most Cii(/i, 7)6*. 

Applying Lemma 5.4 again shows that any point on the geodesic arc joining 
7 _n (P) to 7 n (-P) is within distance 2ciz(/i, 7 )6 l of 7n and that 

d m3 (j- n (P),j n (P)) > 2n(l - 2( Cl z(/i, 7 )#)%. 

Since 7 _n (P) and 7 n (P) converge to the negative and positive fixed points of the 
axis 7 * respectively, the arc joining 7 _n (P) to 7™(P) converges to 7*. The result 
follows. □ 

We now turn to the lower bound from p. 14. A support plane £ to dC is a complete 
hyperbolic plane in H 3 which meets C and such that all of C is contained in one of 
the two half spaces cut out by S. We repeatedly use the following easy fact. 

Lemma 5.6 Let S + ; S~ be support planes to dC + , dC~ respectively. Then S + and 
S~ are disjoint. 

Proof. Denote by the open disks in C which are the ends at infinity of the half 
spaces in H 3 cut out by S and not containing C. We claim that neither disk 
contains any limit points of G. In fact if there were a limit point in D + , then by 
convexity there would be a line segment contained in C and meeting the half planes 
on both sides of S + , which is impossible. 

Since G is quasifuchsian, its regular set has two components Q ± . By the definition 
of dC^ , we have C ^l ± . If S + and S~ meet, then so do D + and P~, contradicting 
the fact that Q + and Q~ are disjoint. □ 

The idea is that there is not only a maximum but also a minimum distance between 
a bending line on one side of dC and any support plane of the other side, because, as 
illustrated in Figure 4, a pair of support planes which meet at a definite angle are at 
a definite distance away from any other plane which is disjoint from them both. 
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Figure 4: Support planes to dC and dC illustrating Proposition 5.7. 



Proposition 5.7 There exist universal constants c 2 > 0, 62 > with the property 
that if the point P is on a bending line a in dC + , then d(P, dC~) > C2z(//, <5)# /or a// 

e < e 2 . 

Proof. We need to estimate the nearest possible approach to dC + of a support plane 
to dC~ . Write k for the transverse //-measure z(/_t, a) of a, that is, the weight of the 
axis a in the lamination \x = Yli a i a i- Let E, E' be the support planes which meet 
along a. First consider the situation in the plane II through P and orthogonal to a. 
Let A, A' be the lines in which E, E' meet IT, and let £ be the half-line starting at P 
which bisects the angle n — k6 between E and E'. We claim there are no points of 
dC~ on Q within distance kO(8) of P. 

If this is not true, then there is a support plane of dC~ which meets (. By 
Lemma 5.6, any such plane to dC~ is disjoint from E and E'. The limiting case is 
that in which such a plane meets LT in the line 77 which joins the ends of A, A' at 
infinity, forming a triangle with two ideal vertices and exterior angle k9/2 at P. If h 
is the perpendicular distance from P to rj, then by the angle of parallelism formula, 
tanh/i = sin(A$/2). The claim follows. 

Now we look in the plane IT orthogonal to LT, which contains the bending axis a 
and the half-line (. Let Q denote the intersection of £ with 77, so that \PQ\ = h. Let 
A be the triangle with vertices the two ends of a at 00 and Q. We claim that no 
support plane of dC~ meets A. In fact any such support plane meets LT' in a line A"; 
by the first part of the proof A" does not meet the segment PQ, nor, by Lemma 5.6, 
does it meet a. Therefore if A" fl A 7^ 0, A" must enter and exit A across the same 
side, which is impossible. 

Now we calculate the radius of the maximal half disk centre P contained in A. Let 
7r — 20 be the interior angle at Q. By the angle of parallelism formula, sin = tanh h 
so that by the above, = k6/2. The required radius is the perpendicular distance hi 
from P to either of the two other sides of A, and hence sinh/i' = cos0 sinh/i, from 
which we deduce that hi > kO{6). 

Finally we consider the intermediate case of a plane II" containing the line ( 
and making an angle between and ir/2 to the bending axis a. We consider the 
quadrilateral Q with two sides ED II", E'nll" which meet at P, and whose remaining 
two sides are the lines through Q meeting E fl LT" and E' fl LT" on <9H 3 . Just as above, 
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we argue that no support plane of dC~ can intersect the interior of Q. Then we 
calculate the maximal radius h" of a disk centre P whose intersection with the half 
planes cut off by X H n", E' fl II" and containing ( is contained in Q. 

Let 7r — 2ip, ir — 2(p" be the angles in Q at P, Q respectively. As before, sinh/i" = 
cos0" sinh/i so it is enough to show that <f>" < kO(6). Let Q' be the foot of the 
perpendicular from the one vertex of Q on <9H 3 to PQ. Then sin0" = tanh|Q'(5| < 
tanh/i = kO(6) which proves the result. □ 

We can now play Proposition 5.1 and Proposition 5.7 against each other to get a 
bound on the lengths on the bending lines. The idea is that if a very long segment 
of the geodesic representative a~ of a bending line a C is entirely contained in 
a flat piece of dC~ , then it must get very close to the actual bending line a* = a + 
on dC + , contradicting Proposition 5.7. We need the following lemma about skew 
quadrilaterals which is Theorem 2.4.6 in [3]. It follows from an explicit calculation 
of the distance between points on two fixed geodesies, and the fact that the distance 
function is convex. 

Lemma 5.8 Let X1X2Y2Y1 be a skew hyperbolic quadrilateral. Suppose that d(Xi,Yi) < 
v for i = 1,2. Let 77 > be given and let Z be any point on X\X 2 with d(X, h Z) > rj 
for each i. Let u = d(Z^Y{Y 2 ) be the distance from Z to the line Y 2 Y\. Then 
sinhu < sinhy/cosh?7 . 

Proposition 5.9 The lengths 1^,1^ of the bending laminations on d^/GiO) are 
uniformly bounded above as 9 — >• 0. 

Proof. It will be enough to show that there is a uniform upper bound on l a - for 
any component a of \fi\. For by similar reasoning we also obtain an upper bound on 
lp+ for any component (3 of |z/|, and hence a fortiori on 

A lift or of a~ on dC~ is partitioned into a finite number of geodesic segments by 
the points at which it meets the bending lines \u\ on dC~ . We claim that the length 
of each segment is uniformly bounded above as 9 — > 0. As usual, let be lifts of cr* 1 
with the same endpoints on dM 3 . 

We may as well suppose that l a - > 1, so we can apply Proposition 5.1 to dC~ and 
a, with L — 1, to show that d(P, a + ) < 0(9) for all P G a". Let Xi, X 2 be successive 
points at which a~ meets |z/|, and let Y\, Y 2 be the feet of the perpendiculars from X\ 
and X 2 to a + . We shall apply Lemma 5.8 to the skew quadrilateral Xx, X 2 ,Y 2 ,Y 1 . 
We have just shown that d(X i , Y i ) < 0(9). Let Z be the midpoint of Y{Y 2 and 
let u = d(Z,XiX 2 ). Since a* is a bending line and since the segment from X\ to 
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X 2 is contained in dC~ , Proposition 5.7 gives u > 0(6). Applying Lemma 5.8, we 
find sinhu < 0(9) /sinhy where y = \Y{Y2\/2. Given the lower bound on u, this is 
impossible if y — ► oo. We deduce that y is uniformly bounded above. Since YiY 2 is 
the perpendicular projection of X\X 2 through a distance 0(8), we also get a bound 
on X\X 2 . Summing over all segments gives a uniform upper bound on l a - as required. 
□ 

Corollary 5.10 The structures p ± (0) lie in a compact set in J-'(S). 

Proof. This is [23] Corollary 2.3. If the structures p + (0) were not in a compact 
set in J 7 , then we could find a subsequence converging to a point £ in the Thurston 
boundary PM.C Since the systems and \u\ together fill up the surface, £ has 
non-zero intersection number with at least one component 5 of either |//| or \v\, and 
hence l$+ — > oo as 9 — > 0. This contradicts the above proposition and proves the 
claim. □ 

We can now prove the main result of this section. 

Proof of Proposition 1.8. By Corollary 5.10, for small 9 all of the structures 
p^(9) lie in a compact set K in T. Choose a sequence 9 n — > along which p + (9 n ) — > 

Pto and P~(0n) -> Pi> for points G if. 

By compactness, there is a uniform lower bound to the non-cuspidal injectivity 
radius of all surfaces in K, equivalently, a uniform lower bound to length of all simple 
geodesies. Therefore we may apply Proposition 5.1 to see that Z 7 » > (1 — O(0^))Z 7 ± for 
any curve 7 G S, where the constant depends only on i(j,fj,), 2(7, v) and K. Writing 
G n for G(9 n ), we deduce that 1 - 0(9 2 n ) < L r (G n )/L ( +(G n ) < 1 + 0(9 2 n ) as n -> 00. 
Since in if the lengths / 7 ±(G n ) are also uniformly bounded above, we deduce that 
|/ 7 +(G n ) — Z 7 -(G n )| < 0(9^) as n — > 00, with constant depending only on 7. 

Applying this to a fixed finite collection of curves 7$ whose lengths determine 
the complex analytic structure on QJ 7 , we deduce in particular that p+ = p^. We 
also deduce also from the expansions in equations (1) and (2) in Proposition 3.1 
that lim^oo Z 7i (G n ) = / 7i (p^,) and hence that the algebraic limit of the groups G n 
is the Fuchsian group corresponding to the structure p+ . (Since p+ is certainly 
geometrically finite, the limit is strong.) □ 

Combining this result with Proposition 3.1, we see that the limit in Proposition 1.8 
is in fact the minimum M(/i, v) and hence independent of the subsequence chosen. 
This completes the proof of Theorems 1.2 and 1.4 in the rational case. 
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Notice that the compact set K in the above proof is not given uniformly in terms 
of 9, but depends in an unspecified way on the point p+ . This will cause us some 
grief in Section 7. 

6 Extension to the irrational case 

We now discuss the extension of Proposition 1.8 to the case in which /i, v are irra- 
tional. The proof in the last section does not immediately extend mainly because 
the constants involved in the final estimates in Proposition 5.9 depend heavily on the 
number of bending lines in \fi\ and \u\. In order to control the 'size' of a measured 
lamination £ £ A4C, fix once and for all a set T = {71, . . . , 7^} C S of curves which 
fill up S, and set ||£||r = 5_)i*(7?>£)- Since the curves fill up, we have ||£||r > 0. 
Notice that ||£||r > is independent of the hyperbolic structure on S. 

We begin by completing the proof of Proposition 5.1 for irrational \x. 

Proof of Proposition 5.1. All we need to do is adapt the first part of the proof 
from Section 5 to the case in which fi ^ AiCq. As before, pick a point P £ 7 + and 
denote the arc of 7 + along dC + from P to j(P) by a + . We want to compare cr + to 
the H 3 geodesic a joining P to 'y(P)- 

Recall that the bending measure and distance along any arc k on dC + is defined 
in terms of finite approximations called 'roofs'. Namely we approximate k by the 
geodesic segments which join the intersection points of k with a finite number of 
leaves of /i, and measure the arc length and total bending angle along this finite 
approximation in the obvious way. The distance and bending angle along k are by 
definition the infima, over all possible roofs, of the corresponding finite approxima- 
tions, see [6] and also [8]. 

In the current situation, we obtain the required type of estimate for any roof 
exactly as before and the required comparisons 

l & >(l-0((i(fi n )9) 2 ))l a+ and d(P,a)<0(i(tm)9) 
for any P £ a + follow. The remainder of the proof is exactly as before. □ 

We need the following extension of Proposition 5.7. Although we keep the same 
names, the constants involved are not exactly the same as those in the earlier version. 

Proposition 6.1 There exist €2, C2,#2 > with the following property: if P £ dC + 
lies on a geodesic segment a of length at most €2, then d(P,dC~) > C2i(o~, fi)8 for all 

e<e 2 . 
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The idea of this result is clear but a careful proof requires some work. The 
following two lemmas control changes of angle as we move short distances along a 
piecewise geodesic arc. 

Lemma 6.2 Let Z £ cffl 3 and let A be an oriented line with endpoints distinct from 
Z . For i = 1,2 let Xi be points on A and let (pi be the positive angle at Xi between the 
forward direction of A andthe extension ofZXi through X^. Then <f> 2 / '(pi > 1 — |XiX 2 |. 

Proof. Let W be the foot of the perpendicular from Z to A. For any point X £ A, 
define (p as in the statement and let t = \WX\. By the angle of parallelism formula, 
tanht = cos <p. Differentiating we find -± = — sin0. (Note this is the limiting case 
of a similar formula used in the proof of Lemma 5.5.) Integrating along the arc from 
X 2 to X x gives (pi — 

<p2 < \X!X 2 1 sin from which the result follows. D 

Now let a be a piecewise geodesic arc in H 3 with a finite number of bends 
Xo, . . . , Xk and endpoints Z, Z' in dM 3 . As in the discussion just before Lemma 5.4, 
for P £ a, let v(P) = v(P, a) be the (positive) angle at P between the forward vector 
along a at P and the forward vector along the line extending ZP pointing away from 
Z. 

Lemma 6.3 Suppose that a is a piecewise geodesic arc on dC + with initial and final 
points Z, Z' £ (9H 3 and successive bends at points Xq, Xi, . . . , Xk £ H 3 . Suppose the 
angle between successive segments at Xi is (pi. Then with the notation above, 

r r 

v(X r )>(l-J2\XiXi+i\)(E^- 

i=0 i=0 

Proof. We prove this by induction on r. For r = 0, the result follows from the 
definitions. Assume r > and that the result holds for r — 1. Setting ej = |Xj_iXj|, 
this means that 

i — 1 r—l 

«(*r-l)> (l -!>)(!>)• 

i=0 i=0 

Let ipi denote the angle between the extension of ZXi and Aj_iXj, so that v (Xi) = 
tpi + (pi. Using Lemma 6.2 with A the geodesic extending the arc X r _\X r , we find 
i/} r /v(X r -i) > (1 — e r ). Hence 

r—l r—l 

V(X T ) =(p r + 4>r> <Pr + (1 ~ € r ) (l - ^ 6^ (j^ ^) ■ 

i=0 i=0 
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This last expression is easily seen to be greater than (1 — Y7i=o €j)(X)i=o ^) as required. 
□ 

Finally we need a lemma to control the angles at which the arc a intersects bending 
lines. 

Lemma 6.4 Choose e < cosh -1 y/2. Suppose that X, X' are disjoint lines in the 
hyperbolic plane M (possibly meeting on dM), and that P e A,P' 6 V are such that 
\PP'\ < e. Then the line through P orthogonal to X meets X' in a point Q; moreover 
\PQ\ < 0(e) and ZPQP' > vr/2 - 0(e). 

Proof. If the orthogonal to A through P does not meet A' then d(X, X') > cosh -1 (a/2), 
this number being the altitude of a triangle with angles n/2, 0, 0. This proves the first 
statement. 

Write \PQ\ = x and ZPQP' = <fi. Let 0o be the angle between PQ and the line 
joining Q to the endpoint of A on dM. on the same side of PQ as P' . Clearly > 0o 
and by the angle of parallelism formula, sin</> = 1/coshx. 

Let P" be the foot of the perpendicular from P to A'; then h = \PP"\ < e. 
By trigonometry in triangle PQP" we have sm<f) = sinh/i/sinhx. Combining these 
observations we find sinh/i > tanhrc, from which it follows that x < 0(e) and hence 
that (f> > 7r/2 — 0(e) as claimed. □ 

Proof of Proposition 6.1 First suppose that /i is rational. Let a be a goedesic 
segment in dC + of length e to be determined later. We begin by showing that we may 
assume that a is more or less orthogonal to all the bending lines. Let the first and 
last bending lines cut by a be A', A" respectively. 

We claim we can always find an H 3 geodesic A through P and completely contained 
in dC + . This is obvious if P is on a bending line. If not, there is some H 3 geodesic A 
through P contained in a flat piece of dC + and disjoint from all leaves of (possibly 
meeting leaves of \y\ on dM 3 ). 

Let II be the plane through P orthogonal to A. We shall first show that we may 
replace a by the segment <j\ in II fl dC + joining A' to A". In fact applying Lemma 6.4 
we see that o~\ meets the same leaves as a (so that i(a\,fi) = i(a,fi)) and that the 
length of G\ is at most 0(e). Thus we may as well work entirely in the plane II. 

As usual, let X = X Q , X±, . . . , Xk — X' denote the points at which a\ meets the 
bending lines of dC + . Let (pi denote the angle at Xi between the segments Xj_iXj and 
XiXi+i, and let 9i be the angle between the support planes which meet at X^. We 
claim that we may as well replace i(a, /i) = @i by X] in ^ ac ^ fr° m Lemma 6.4 we 
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see that o\ is almost orthogonal to the bending line through Xi, crossing at the angle 
tpi say. These angles are related by the formula tan0j/2 = tan 6^/2 sin ?/^. We deduce 
<pi > (1 - 0(e))di. By definition, Yh=o^ = Therefore Yn^o^i > ^ /-O^A 

say, for all sufficiently small e. 

Now let X-x and X^+x respectively be the bending points immediately preceeding 
Xq and immediately following Xk on the extension of the dC + geodesic containing ax, 
and let Z, Z' be the points where the continuations of XqX_x and XkXk+x meet <9H 3 . 
Suppose that P is on the arc X r _xX r , < r < k. As above, if P is not on a bending 
line we may insert an extra line A containing P and disjoint from the other lines in 

and treat A as a bending line with bending angle 0. Applying Lemma 6.3, we get 
v(P) > (1 — e) Y7iZo 4>i and similarly w(P) > (1 — e) Yli= r where w(P) is the angle 
at P between the forward vector along the line extending Z'P pointing away from Z' 
and the backwards direction along a±. Thus the angle v(P) + w(P) between the lines 
ZP and PZ' at P is at least (1 - e)i(a, fi)9/2. 

We can now complete the proof more or less exactly as in Proposition 5.7, replacing 
the support planes which meet along the bending line by the planes containing the 
lines ZP and PZ' and orthogonal to II. Examination of Proposition 5.7 shows that 
we only need check that no support plane £~ to dC~ meets either of these lines in 
H 3 . (In the plane orthogonal to II, the line A is already in dC + and can be treated 
as a bending line.) If S~ meets PZ in H 3 , then Z is contained in the open disk on 
dM 3 spanned by S~ and containing no limit points (see Lemma 5.6). But Z is also 
on the boundary of any support plane to dC + which contains the arc X_xX . By 
Lemma 5.6, this is impossible. 

Finally, we need to deal with the case in which /i is irrational. Since none of the 
above estimates depend on the number of bending lines which meet a, approximating 
\x by finite laminations as explained in the part of proof of Proposition 5.1 at the 
beginning of this section will work. □ 

As in the rational case, we are now set to play the upper and lower bounds against 
each other. We need the following lemma on intersection numbers. 

Lemma 6.5 Suppose that fi and v fill up S . Then there exists C3 > such that 
2(7, fi) + z'(7, v) > c 3 for all 7 G S. 

Proof. Since the result depends only on intersection numbers we can work entirely 
with a fixed hyperbolic structure po G T whose non-cuspidal injectivity radius is 
Po > say. If the result is false, then we can find a subsequence 7„ G S such that 
z(7 n ,/i) + i(j n , v) — > 0. Passing to a further subsequence we may assume that there 
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is a sequence h n > such that h n 6 ln — > £ in M.C, where l^(po) = 1. Then h n l ln — > 1 
and since l ln > p we have fa„ < 2/p - Thus i(h n j n ,/S) + i{h n ^ n ,u) — > and hence, 
taking limits, p) + z(£, ^) = 0. Since p, and z/ fill up 5", this is impossible. □ 

Now we can establish a uniform lower bound to the non-cuspidal injectivity radii 
of the structures p ± (9). 

Proposition 6.6 Suppose that /i, v G ML and that G{9) = G(9p,9u) G QJ r (S), 
and let p + {9) denote the Fuchsian structure on dC + /G{9). Then there exist p* > 
and 9 3 > such that / 7 (p + (#)) > for all 7 G S and all 9 < 6 3 . 

Proof. Use the Margulis lemma to choose p > such that that if 61,6-2 G S and 
i(6i,6 2 ) > 0, then 1$. > p > for at least one i. Further reducing p if necessary, we 
may also assume that p < chosen as in Proposition 6.1. 

Suppose that u G S is such that l UJ (p + (9)) < p for some 6. Since the curves in Y 
fill up S, we must have i(u,6) > for some 6 = 6(9) G T for which ls(p + (9)) > p. 
Applying Proposition 5.1 to 6 and dC + (9), we see that d(P,6*) < c (p)i(6, p)9 for all 
P G 6 + and moreover that Is* > p/2 > as 9 — ► 0. Thus we can apply Proposition 5.1 
again to 6 and <9C~ to show that d(Q, 6*) < co(p/2)i(6, u)9 for all Q G 6~ . Combining 
these results and observing that perpendicular projection from 6 ± to 6* is surjective, 
we deduce that d(P,5~) < c (p/2)(i('j, //) +1(7, u))9, for all P G 6 + . 

On the other hand, since /1, z/ fill up S, by Lemma 6.5 we have i(uj, v) > C3, 

so that either i(u,p) > C3/2 or i(uj,u) > C3/2. Assume the first case holds. Let a 
be a segment along the lift of the axis of u) + of length p. Then a contains (roughly) 
periods of u, so that i(a, p) > pi(ui, p) By Proposition 6.1, since we also 
arranged p < e 2 , for any point P G a we have d(P,dC~) > c<i%(o,{i)9. Comparison 
with the previous estimate applied to the intersection point Pq of uj and 6 on dC + 
gives U > c 2C3 p/(2(co(p/2)(|H| + \\u\\)). 

Finally, if i{u),p) < c 2 /2 then i(u>, u) > c 2 /2. If lu-(p + (9) > p there is nothing to 
prove; otherwise arguing as above but with a a segment along the lift of u~ gives the 
result. □ 

The following corollary will be useful. (This can easily be strengthened to an 
assertion about the maximum distance between dC + and dC~ , but we shall not need 
this.) 

Corollary 6.7 Suppose P G dC + lies on one of the curves ^f, 7» G V . Then there 
exists a constant c 4 such that d(P, dC~) < c 4 (| \p,\ |r + | M |r)# as 9 — > 0. 
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Proof. Suppose P G dC and write 7 = 7$. Choose p* as in the above proposition. 
Since Z 7 > p*, by Proposition 5.1 for sufficiently small we have d(P, Q) < j)0(9) 
for some Q G 7*, and Z 7 * > p*/2. Then Z 7 - > p*/2. Noting that perpendicular 
projection from 7" to 7* is surjective, we can apply Proposition 5.1 again to dC~ to 
deduce that there is a point P' G 7" so that d(P', Q) < i(u, j)0(9). Combining these 
results gives d(P,dC~) < (||p||r + I IH \r)0(9) as claimed. □ 

We now need to get upper bounds the lengths l p ± and l v ±. To do this it is 
convenient to organise things so that the laminations p and v are confined to narrow 
paths on the surface. As sketched by Thurston [24] p. 8. 52, given a geodesic lamination 
p G AiC, one can find e > and a train track r, such that the e-neighbourhood N £ (r) 
is just the product of an open interval with r (i.e. a 'strip with switches') and such 
that |p| C N e (r). It is important for us to understand the dependence of e on the 
geometry of S and p, so we state this precisely as: 

Proposition 6.8 Suppose that p G AiC(S) and that So is a hyperbolic structure on 
the surface S such that the non-cupsidal injectivity radius inj(So) > p. Then there 
exists e > 0, depending only on p and the topology of S, and a train track r, such 
that N t (r) is homeomorphic to r and such that every leaf of p is contained in N e (r). 
There is a fixed upper bound to the number of switches and branches of t. 

Proof. The proof is explained in detail in [21] Theorem 1.6.5, however the depen- 
dence on inj(S'^') is not spelled out. The idea is that the complement of |p| in S 
consists of a finite number of ideal polygons (possibly with punctures). The area of 
the e neighbourhood U e of the boundary of any such polygon tends to zero with e. 

On the other hand, the bound on injectivity radius means that any disk D p of 
radius p and contained in Sq is embedded. Since such a disk has definite area, it 
cannot be contained in U e as e — > 0. Thus D p must intersect U e in thin tubular 
neighbourhoods of possibly branched 1-manifolds. 3 Now use the fact that we may 
choose the neighbourhoods of the cusps such that every simple geodesic, in particular 
every leaf of |p|, is entirely contained in Sq . Clearly the bound on e depends only on 
p and not on p. The bounds on the number of branches and switches come from the 
obvious bounds on the number of sides and cusps of the complementary regions to p, 
which are again independent of p. □ 

3 Figure 1.6.3 in [21] is somewhat deceptive since examination of the constants shows that for this 
to work one must take e = 0(p 2 ) so that typically D p will contain 0(l/y/e) such strips, not one as 
in the picture. 
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We call a train track r chosen as in the above proposition an e-thin train track, 
and we say that \i is carried by r. It is also part of the above construction that N e (r) 
is foliated by arcs of length at most 2e transverse (and approximately orthogonal) to 
the branches. If b is a branch of r, we write N e (b) for the union of the leaves transverse 
to b. Each of these arcs is a transversal to \i and carries the same transverse weight 
which we denote fi(b). We emphasize that the topology of the r and the /i weights of 
each of its branches may well change as S varies. 

Now as in Section 5, we are seeking an upper bound on the length of fi. For fixed 
e, the branch N e (b) has a definite width and thus its length is uniformly bounded 
above. Thus the only way in which the lamination fi can get very long is to have 
large weight concentrated in thin strips, in other words for the weights fi(b) to get 
large. We rule out this possibility by once again playing off the upper and lower 
bounds on the distance between points on dC + and dC~: 

Proposition 6.9 Choose p* as in Proposition 6.6 and fix e* depending on as in 
Proposition 6.8, and so that 2e* < €2 as in Proposition 6.1. Suppose that \i G AiC(S) 
is carried on some e*-thin train track r on the surface 8C + /G(9) . Then the weight 
/j,(b) of a branch of r is uniformly bounded above as 9 — > 0. 

Proof. As usual, let V be our fixed set of curves which fill up S. First assume that 
N e ,(b)nT ^ 0. For each 9, pick P = P(9) G N et (b)n^ for some i. By Proposition 6.6, 
the length of each 7, is uniformly bounded below and so we can apply Corollary 6.7 
to show that d(P,dC~) < 0(9) with uniform constant independent of 9. On the 
other hand, since the transverse measure of an arc of length 2e* containing P is 
by Proposition 6.1 we have d(P,dC) > n(b)0(9), also with a uniform constant. 
Comparing these two inequalities gives a uniform upper bound on nib). 

Now assume that N €t (b) PIT = 0. In this case N £st (b) is contained in a component 
R of S — T which topologically is either a disk or punctured disk. The boundary dR 
consists of a bounded number of finite arcs atj, each contained in 7, for some %. We 
need to guard against the possibility that leaves of /i wrap around many times inside 
R, assigning unduly large weight to N et (b) . 

Suppose first that R is simply connected. Let A be a connected component of the 
intersection of some leaf of \fj,\ with R. Since e* is certainly less than the non-cuspidal 
injectivity radius, it is easy to see that A cannot return within distance e* of itself. 
From this we deduce that A has finite length and that it intersects any transversal T 
to N em (b) at most once. It follows that there is a well defined map from Tfl to dR, 
which sends the point x G T to the point at which the component of \fj,\ (1 R through 
x meets dR. The map is injective when lifted to the closure of R in H 2 . Pushing 
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forward the measure of T to dR and using the injectivity, we find fi(b) < ^ ■ i(fi, aj). 
Since on C 7$ and since a segment of 7$ can appear at most twice on <9P, we have 

M6)<2Eii(^7i)=2|H|. 

Now suppose that P contains a puncture P. We claim that there is no circuit 
in r encircling P; for otherwise by following the boundary leaf of \fj,\ nearest to P 
round this circuit we would have a leaf of parallel to a loop around P, which is 
impossible. Thus we can find an arc a joining P to dR with Int a C R and af] \fi\ = 0. 
Now repeat the above argument working in R — a. □ 

Corollary 6.10 Suppose that n,u e MC and that G{9) = G(8fi,9i/) £ QF{S). 
Then there is a uniform upper bound to the lengths Z M + = l fJi +(p + (9)) as 9 — > 0. 

Proof. Fix e* as in Proposition 6.8 and find an e*-thin train track r on the surface 
p + {9) carrying \x. The length of \x on p + {9) is clearly estimated from above by 
fi(bi)lbi where = hi(p + (9)) is the length of the branch bi and = fi(bi){p + (9)) 
its weight. Now the strip of width 2e* about bi is embedded on S, so since e* is fixed 
independent of 9 the length If,, is uniformly bounded above by an area estimate. The 
result follows. □ 

Proof of Theorem 1.2. By Corollary 6.10, the lengths l^+(9) and l u -{9) are 
uniformly bounded above. We claim that this implies that the hyperbolic structures 
p ± (9) of 9C ± /G(9) both converge in JF, and that their limits coincide. 

Suppose that the sequence p + (9) does not converge, then (after passing to a sub- 
sequence if necessary) it limits on some projective lamination [£] £ YM.C This 
means that there exists a lamination £ £ [£] and a sequence /i n — > such that 
h n l 1 +{9) — > 2(7, £) for all 7 £ «S. Now it follows from Propositions 5.1 and 6.6 that 
l 7 -(9)/l 7 +(9) —> 1 as 6> — > 0. Thus h n l 1 -(9) = h n l 7 + ■ — > 2(7, £) and so p~(#) 
converges to [£] £ P.M£ also. 

From the definition of convergence to PA4C, the fact that l^+{9) remains bounded 
implies that i(fi, £) = 0; likewise i{v,C) = 0. However since /i, ^ fill up 5, this is 
impossible. We conclude that p + (6*) converges to a point p+ £ JF, and likewise 
p~(#) — > p^ £ -P. Finally the same length comparison Z 7 -/Z 7 + — ► 1 shows that 

Poo = Poo' an ^ our dai 111 follows. 

We can now use the lower bound on lengths from Proposition 6.6 to conclude the 
proof exactly as we did at the end of Section 5. □ 
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7 Diagonal limits 



In this final section we discuss the question of diagonal limits. Here is a simple 
example which shows that care is needed. Let {a±, . . . , a^} and {/3i, . . . , Pi} be two 
systems of disjoint curves which fill up S, but so that {a 2) • • • , &k, Pi, ■ ■ ■ , A} do 
not. Fix coefficients a2, . . . , a,k, &i, ■ ■ ■ , h > and choose a sequence h n — > 0. Define 

)L4 n = /l n ai + ^*L 2 and V n = v = Yh=1 hPi- Obviously, \l n -> yUoo = J2i=2 a i a i in 

MC{S). 

Now consider the sequence of groups G n = G(9fi n , Qv) as 9 — > 0. Since /i^, z/ do 
not fill up £?, the length function Z Moo + i y does not have a minimum on J-'(S) (see [13] 
p. 194), and so the sequence G n cannot have a Fuchsian limit. In fact, because the 
ratio between the weights on a\ and each of the curves in \v\ tends to zero, the 
constants in the estimate for the lower bound on distance between a bending line and 
the opposite side of dC in Proposition 5.7 become arbitrarily small. Thus the length 
bound in Proposition 5.9 fails, in other words, l ai — > 00 and the groups G n diverge. 
(For the limiting behaviour along lines of minima, see [5].) 

The final important step in our proof of Theorem 1.2 was establishing the length 
bounds on Z M + and l v -, from which we deduced that the corresponding surfaces lay 
in a compact set in J-"{S). However our example shows that to prove Theorem 1.7, it 
is no use just establishing uniform upper bounds on the lengths lfj, n (d n ) an d l V7l {0 n ). 
In fact it is easy to adjust the coefficients h n so as to produce a sequence p n G T 
such that the lengths l^SVn) and l v (p n ) are uniformly bounded above, but such that 
laiiPn) °°; so that the sequence p n exits every compact set in !F(S). To resolve 
this we need to do more work to get a uniform upper bound on the lengths of the 
curves T. We shall invoke the convergence of the laminations through the following 
improved version of Lemma 6.5, which allows us to avoid the technical difficulty that 
it is not clear how to control the behaviour of transversals to fi as we transfer from 
surface to surface - a priori a narrow strip containing heavy weight on one structure 
might become extremely wide on another. We keep the same name for the constant 
C3 although the actual value may have changed. 

Lemma 7.1 Let \x and v fill up S and suppose that fi n — > fi,v n — > v in M.L. Then 
there exists C3 > such that fi n ) + 2(7, u n ) > C3 for all 7 G S and all n. 

Proof. The proof is almost the same as the previous version. Once again we can 
work entirely with a fixed hyperbolic structure po G T whose non-cuspidal injectivity 
radius is the fixed value p > 0. If the result is false, then we can find a sequence 
7„ G S such that i(j n , fi n ) +«(7n> v n) —> 0. As before, passing to a further subsequence 
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we find h n > such that h n 5 ln — > £ in M.L and /i n < 2/p - Then i(h n j n , p n ) + 
i(/i„7n, -> but also i{h n j n ^ n ) + i{h n j n , v n ) — >■ i(£,p) + i/). Since p and f 
fill up S 1 , this is impossible. □ 

Proof of Theorem 1.7. We have to study the behaviour of the groups G(6> n p n , 9 n v n ) 
as p n — > /i, z/ n — > i/, and — * 0. Observe that the constants involved in the proof 
of Theorem 1.2 depended only on the topology of S and the intersection numbers 
i(fi, 7) and 7) for 7 in the fixed finite set V. In particular, inspection of the proof 
of Proposition 6.6 shows that the lower bound p* on the non-cuspidal injectivity radius 
depends on the universal Margulis constant, upper bounds for the norm | |p| |p+ \\v\ |r, 
and the constant c 3 of Lemma 6.5. If p„, v n — > p, v in then i{[x n ,8) — > i(fi,S) 

and i(v n ,5) — > i(z/, 5) for all 5 G vri(S'). Since T is a fixed finite set, and since we 
have just shown that the constant C3 is independent of n, we deduce that all bounds 
in question are uniform as n — >• 00. In particular the lower bound can be chosen 
uniform for all the structures p ± (0 n ) on the surfaces 9C ± /G(6' ri/ u n ,, n u n ). 

From the results of [13], we know that M(/i n , u n ) — > M(/i, ^). Thus to prove diago- 
nal convergence, we just need a uniform estimate on the convergence of G(9 n fj, n , 9 n v n ) 
to M(fj in , v n ). From Proposition 5.1 and the uniform lower bound p*, we get 

\k(p + {e n ))/i s (p-{e n ))\<i + o{el) 

for any curve 5 G ni(S), with uniform constants depending only on 5,p and z/. 

We shall show in Proposition 7.2 below that the lengths of any fixed curve 5 G S 
on either surface p ± {0 n ) have a uniform upper bound as n — >• 00. Thus we obtain 

|/ 5 (p + (^n))-4(p-(^))|<0(O, 

with constants depending on 5. Taking a large enough finite set of curves to determine 
the analytic structure on QT establishes uniformity of convergence, and the result 
follows. □ 

In view of the above, the main work remaining work in proving Theorem 1.7 is 
establishing the following: 

Proposition 7.2 Suppose that p, v fill up S. Let 7 G S be fixed and let p n , v n — > p, v 
in A4C be such that p n , u n fill up S for all n. Suppose that 9 n — > 0. Then the lengths 
l 1 {p ± (9 n )) are uniformly bounded above as n — ► 00 (with a bound depending only on 
7, p and v and the topological type of S). 
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As indicated by our counter example, convergence may fail if the curve 7 only 
meets fi n or v n branches of vanishingly small weight. In fact a closed loop in fi n 
of very small weight may itself become extremely long; this is only avoided by the 
hypothesis that the limit laminations \x and v themselves fill up the surface. Another 
possibility is that 7 might meet a loop of definite weight and bounded length, but 
by wrapping around it many times it could itself become extremely long. Thus 
to prove Proposition 7.2 we show first (Proposition 7.3), that every segment of 7 
of some definite length must meet some bending line of definite weight, and second 
(Proposition 7.5), that it must meet the relevant bending line sufficiently transversally 
to make a definite contribution to the positive number i(/j, n ,j) + i(u n ,j). 

Proposition 7.3 Let ^,^,^,1/ be as above. Fix e* as in Proposition 6.8 and for 
each n, suppose r(// n ), r(i> n ) are e^-thin train tracks on p + {6 n ) carrying fi n and v n 
respectively. Then there exist uniform constants Li,ki > such that if a is any 
geodesic segment on p + (6 n ) contained in a complete simple geodesic and of length at 
least L\, then there is a point P G a such that P e |/x+| U and such that P is 
contained in a r(/i n ) or r(v n ) branch of transverse weight at least k\. 

Proof. In the statement /x n , v n of course refer to the representatives of these lami- 
nations on p + {9 n ). As already observed, the number of branches of t(/i„) and r(z/ n ) 
has a uniform upper bound depending only on the topology of S. Moreover it is easy 
to see that any component of N e (r(/j, n )) D N e (r(v n )) contains a ball of radius at least 
e, so that by an area argument the total number of intersection points of r(p, n ) and 
r(v n ) has an upper bound independent of n. It follows that there is also a uniform 
upper bound to the number of sides of each complementary region of r(/i n ) U r{v n ). 
As in the proof of Corollary 6.10, by area considerations there is a uniform upper 
bound Iq to the length of any branch of r(/i n ) or r(u n ). Now each complementary 
region is either simply connected or a once punctured disk. Thus every simple arc 
crossing a complementary region is homotopic to a path along the boundary but not 
fully encircling the boundary. (No simple geodesic can completely encircle the punc- 
ture.) This gives a uniform upper bound l\ to the length of the intersection of a 
simple geodesic with each complementary region; we may as well assume that l\ > Iq. 

Now let a : [0, T] — > dC + (8 n ) be a geodesic segment parameterized for convenience 
by arc length. We associate a crude symbol sequence to a as follows. First, after re- 
moving a transverse arc through each switch of /x, the open neighbourhood A r e (r(/i n )) 
is disconnected into a finite number of open sets Vi, one for each branch of \x. Discon- 
nect N e {r{y n )) into sets Wj a similar way and let B denote the set of all components 
of the resulting dissection of N e (r(fi n )) U A r e (r(z/ n )); thus a set in B is a component 
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either of V* \ N e (r(u n )), or of Wj \ N e (r(fj, n )); or of K fl H^-. As we have seen the 
size of B is uniformly bounded above by some MgN. The points at which cr meet 
dY for any F G i3 give a partition of cr at the points = t < t\ < . . . < t m = T. 
Thus each open arc er(tj,tj + i) is contained either in a component F G B, or in a 
complementary region of r /ln U 7"„„. We associate to a the sequence t\ . . . e m where 
ei = Y if C F and e« = X if o"(tj,tj + i) is contained in a complementary 

region. Observe that from the definition, no symbol is immediately followed by itself. 
Also note that T = l a < mix. 

Now consider any simple geodesic segment a with length l a > (2M+l)/x. Suppose 
its symbol sequence is e\ . . . e m . Then (2M + l)l\ < l a < mli so that M + 1 > [m/2]. 
Since the symbol X never follows itself, at least [m/2] symbols from e± . . . e m belong 
to B and hence some symbol b G B occurs twice; that is, some subarc a' C o runs 
from the component F to itself. Assume that a 1 is a minimal segment of this type, in 
the sense that the length of its symbol sequence is least possible, so that in particular 
this length is at most 2M + 1. Let cry be the geodesic arc joining the first point at 
which a' leaves dY to the next point at which it reenters it. Since F is geodesically 
convex, ay C F. Thus o" = o' U a Y is a loop of length at most (2M + 2)/!. 

By Lemma 7.1, we have i(a",fi n ) +i(a",u n ) > c 3 . It is clear that i(a",fi n ) = 
i(a',fi n ) + i(cry,/i n ) and similarly for u n . Thus either i(aY,fi n ) + i{^Yi u n) > c 3/2 or 
i(cr', /i n ) + ^(c', v n ) > C3/2. In the first case we see that F lies in a branch of either /i n 
or v n of weight at least C3/4. In the second case, since a' contains at most (2M + 1) 
elements in its symbol sequence, we see that it must meet at least one branch b' G B of 
fi n or ^-weight at least c 3 /2(2M + 1). Thus in all cases a' contains some point which 
lies in a fi n or v n branch of weight at least C3/2(2M + 1). Setting L\ = (2M + l)/i 
and ki = c 3 /2(2M + 1) gives the result. □ 

In the proof of the next proposition we shall need to transfer the lamination v 
from dC + to dC~ . The following shows that we can do this without serious loss of 
control. For clarity, we denote the copies of a laminations £ on dC^ by ^ respectively. 

Lemma 7.4 Let X + be a leaf of the lamination z/+ lifted to the surface dC + {6 n ) and 
let A" be the corresponding leaf of v~ on the surface dC~(8 n ), so that A ± have the 
same endpoints on dM 3 . Then for any point P G A + we have d(P, A~) < c 5 6 n with a 
uniform constant C5 as n — > 00. 

Proof. The idea is obviously to imitate the proof of Proposition 5.1. To do this 
we need to see that there is a uniform upper bound to the /i+ mass of any geodesic 
segment on dC + (6 n ) of definite length at most 1 say. In fact if r is an e*-thin train 
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track carrying by Proposition 6.9 there is a uniform upper bound to the weight 
of each /i+ branch, moreover away from e* balls around the switches there is by 
the construction of r a uniform lower bound to the distance between leaves of 
contained in distinct branches. This gives the required bound. 

Now pick equally spaced points P m ,m G Z at unit distance apart along A + . The 
above discussion gives a uniform upper bound to i(a m , fi n ) where a m is the segment 
of A + from P m to P m +i- Thus we may argue exactly as in the proof of Proposition 5.1 
to show that all points on A + are at most a uniform distance 0(6) away from the 
corresponding leaf A~. □ 

Proposition 7.5 Let 7 G S. Then there exist Lq, Cq > 0, depending only on 
1(7, z(7, u), i(u, fx), such that if a is any geodesic segment contained in 7 + of length 
at least Lq on any of the hyperbolic surfaces p iz (9 n ), then i(o~, /j, n ) + i(a, v n ) > Co- 

Proof. If the result is false, then we can find a structure p + (0 n ) say on which 7 has 
an arbitrarily long segment a for which i(a, fi n ) + i(a, v n ) is arbitrarily small. The 
argument will follow the same lines as that of Proposition 5.9. 

Consider such a segment a where the choice of constants will be determined later, 
and let a be the H 3 geodesic joining its endpoints X and X' . Clearly we may assume 
that L > 1 say; then as in the first part of the proof of Proposition 5.1, there 
is a universal constant c such that d(P,a) < ci(cr,fi n )8 for all P G a, and such 
that 1$ > (1 — c(i(a, fi n ) 2 9 2 )l a > l a /2 say for all small enough 6. Choose L\ as in 
Proposition 7.3. By Lemma 5.8, given h > we can find L2 = L2(h) such that, if 
l a > L 2 , then d(Q,^/*) < h6 for all points Q on a segment a' C a of length at least 
L\. Since perpendicular projection from a to a is surjective, we can find a subarc of 
o~i of a length at least L\ for which d(Q^*) < (h + ci(a,fi n ))6 for all Q G o~\. Let 
Y, Y' be points in dC~ close to X, X f ; arguing similarly we can find a point R in the 
dC~ arc from Y to Y' such that d(Q, R) < (2h + c(i(a, /i n ) + i(a, v n )))9. 

By Proposition 7.3, the arc U\ contains a point P which lies within distance at 
most e* of a point in a branch of either or 1/+ and of weight at least k\. Suppose 
first this is a /i^-branch. Then by Proposition 6.1, there is a constant c 2 > such that 
d(P, dC~) > C2k\9. Choose h as above with 2h < C2/C1/2 and then use our hypothesis 
to choose a with l a > L 2 (h) and i(cr, fi) + i(cr, v) < Cih\j2. Comparison with the 
estimate d(Q, R) < (2h + c(i(a, /i n ) + i(a, v n )))6 gives a contradiction. 

If P is in a branch of z/+ of weight at least k±, we can clearly make a similar 
argument provided we can find a point P' G dC~ near P and within distance e 2 of a 
v~ branch of definite weight. From Lemma 7.4 we see that we can find a transversal 
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T" to v n of dC length at most 2e* + 2c 5 9 and with v n (T") > k\. Provided 6 is 
sufficiently small we have the result. □ 

Proof of Proposition 7.2. From Proposition 7.5 we easily obtain the bound 

l J+ (p + (0n)) <2(z( 7 , yU ) + z(7,z/))L /C . □ 

This completes the proof of Theorem 1.7. 
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